Chapter 9
Cones and Cylinders

9.1 Cone

Definition 9.1 A surface generated by a straight line passing through a
fixed point and intersecting a given curve is called:asne.

The fixed point is called theertex of the cone and the given curve

is called theguiding curve. A line which generates the cone is called
a generator.
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Figure 9.1: Cone with a guiding curve

The surface in the Fig. 9.1 is a cone with veriéxThe lineV A as a
generator. The lineg B, V C are also generators. In fact every line joining
V' to any point of the guiding curve is a generator of the cone.

Remark 9.1 If the guiding curve is a plane curve of degreethen the
equation of the cone is also of degreand we call ita cone of order n.
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In this chapter, we study only quadratic cones; i.e. conempadts
equation of second degree:ny andz.

9.2 Equation of a cone

To find the equation of a cone with verté%(«, 8, ) and whose guiding
curve is the conic

az® + 2haxy + by® + 29z + 2fy +c=0,2 = 0. (9.1)

We have to find the locus of points on lines which pass throhghvertex
V(a, B8,7) and intersects the given guiding curve. Observe that tha-equ
tions of any line passing through the veriék, 3, v) and having direction
ratiosl, m, n is given by,

r—a_ y-pB z-1v
pr— pr— 9.2
l m n (9-2)

Any point on the equation (9.2) has the coordinatesyit, 3+mt,y+nt),
wheret € R. If the line (9.2) intersects the guiding curve given by (9.1)
then we have,

alo+ 1t)? + 2h(a + 1t)(B + mt) + b(B8 + mt)? + 2g(o + It)

+2f(B+mt)+c=0,(y+nt) =0 ®3)

Eliminatingt, [, m andn between (9.2) and (9.3)ve get

aloz + yx)? + 2h(az + v2)(Bz + vy) + b(Bz + vy)*
+2g(az +7z)(z — y) + 2f (B2 +7y)(z —y) + c(z —y)* = 0.(9.4)

This is the required equation of the cone.

Remark 9.2 From the equation (9.4)it can be seen that the equation of a
guadratic coneis of second degreeinx, yand z i.e.,

az? +by? +c2? +2fyz+2gzx + 2hay + 2uz + 20y +2wz+d = 0 (9.5)
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Example 9.1 Find the equation of a cone with vertex at the point (3,1,2)
and guiding curveis2z? +3y2 =1,2=0.

Solution The vertex isV'(3,1,2). Let a, b, c be the direction ratios of a
generator of the cone. Then the equations of generator are,
r—3 y—1 2z2-2

— == = t(say) (9.6)

The coordinates of any point on the generator(8re- at, 1 + bt, 2 + ct).
Forsome € R, (3+at, 1+bt,2+ct) lies on the guiding curve. Therefore
2(3+at)?+3(1 +bt)2 =1and2 + ¢t = 0. Thus, ¢ = =2. From this

we get,
2 2
2(3_2_(1) +3<1—2—b> =1
C C
From (9.6) we obtain2([3 — 2(£=3))? + 3[1 — 2(!=})]? = 1 so

23(z —2) — 2(x — 3)2+3[1(z — 2) — 2(y — )]® = ( — 2)%.
After simplification, the required equation of the cone is,

2x2+3y2+522—3yz—6xz—|—z—1:0.

9.3 Cone with vertex at the origin
Recall that the general equation of second degree equation i
ax® + by? + c2® 4+ 2fyz + 2gzx + 2hxy + 2ux + 20y + 2wz + d = 0.

If any one of the constants, v, w andd is non-zero, then the equation is
non-homogeneous in, y andz. If each of the constants, v, w andd, is
zero, then the resulting equatian;® + by? + c2? + 2 fyz 4 2gzx + 2hay =

0, is a homogeneous second degree equatian jrandz.

Theorem 9.1 The equation of a cone with vertex at the origin is a homo-
geneous second degree equation.
Proof. Let the equation of a quadratic cone with vertex at the offigin
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az? +by? +c2? + 2fyz+2gzx + 2hay + 2uz + 2vy 4+ 2wz +d = 0 (9.7)

We will show thatu = v = w = d = 0. Let P(2/,y/, 2’) be any point
on the cone given by (9.7pinceO(0, 0,0) is the vertex, the lin® P is a
generator of the cone. The equation of the lin2 is given by,

Y

Thus the coordinates of any point on the li@& are (ta/, ty/', t2’).
SinceOP is a generator, these coordinates satisfy the equatiop (9.7
coa(ta’)? 4+ b(ty')? + e(t2))? + 2 (ty) (t2)
+2g(t2") (') + 2h(t2’) (ty') + 2u(ta’) 4+ 20(ty’) + 2w(tz') + d = 0.
This equation can be written as,

x Yy z
7= t(say)

(az”? +by? + 2 + 2fy/ 2 + 292"’ + 2ha’y))t?
+2(ux’ + 20y + 2wt +d =0 (9.8)

Observe that (9.8) is a quadratic equation¥fare R. This is possible
only if each of the coefficient i8. Therefore,

az’? + by’ + c2'? + 2fy' 2 + 292’2’ + 2ha’y’ = 0,
uz’ +2vy + 2wz =0and d=0.

We now claim that each of the constantsy andw are zero. For if not
i.e. if at least one of the constants is not zero, then theteEgquax + vy +

wz = 0 would represent a plane and the pdint, v/, 2’) lies on the plane.
As the point(2’,%/, 2’) lies on the surface (9.7) , it would mean that the
surface (9.7) is a plane. This is impossible as it represectne. Hence
u = 0,v = 0,w = 0 and we also havd = 0. So that the equation of a
cone with vertex at the origin is of the form,

az? + by? + c2® + 2fyz + 2gzx + 2hay = 0,

which is a homogeneous iny andz. |}
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Note that the converse of this theorem is also true.

Theorem 9.2 Every second degree homogeneous equation in z rep-
resents a cone with vertex at the origin.
Proof. Consider the homogeneous equation of second degreg)in

ie. ax® 4 by? + cz? + 2fyz + 2gzx + 2hay = 0 (9.9

The coordinates of the origin satisfy the equation (9.I®us, the ori-
gin O lies on the surface given by (9.9Qet P(z’, 3/, 2’) be any other point
on the surface given by (9.10)

cax? + by + 2?4 2fy 2 4 2922 + 2ha’y’ = 0 (9.10)

Now we show that the lin® P lies on the surface given by (9.90he
equation of the lin€@ P is,
x Y z
The coordinates of any point on the lideP are (tz',ty’,t2’). Thus
substituting these coordinatesinH.S. of (9.9) we have,

a(tx’ )2+ b(ty') 2+ c(t2') 2+ 2f (ty') (t2) + 29(t2") (ta') + 2h(tz") (ty)
= t2(ax? + by + 2+ 2fy 2 + 292’2’ + 2ha’y)

= t30) ...(9.9)

= 0.

Hence, the point with coordinatdsz’, ty/,¢2’) satisfies (9.9) Therefore
any point on the lineD P lies on the surface given by (9.9yhus (9.9)

is the surface generates ByP. Therefore the equation (9.9) represents a
cone with vertex at the origin.

Remark 9.3 If the line with equation,7 = £ = Z is a generator of a

m n

cone with vertex at the origin, then the direction ratips:, n satisfies the
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equation of the cone.
Let the equation of the cone be,

az?® + by? + c2® + 2fyz + 2gzx + 2hay = 0.

The coordinates of any point on the line die, mt, nt), wheret € R.
These coordinates satisfy the equation.

a(lt)? 4 b(mt)? + c(nt)? 4+ 2f (mt)(nt)
+2g(nt)(1t) + 2h(1t)(mt) = 0
t2(al® + bm? + en® + 2fmn + 2gnl + 2him) = 0.

This equation holds of all values of

s al? +bm? 4+ en® + 2fmn + 2gnl + 2him = 0.

Thus, it follows that the direction ratios of a generatoisfathe equa-
tion of the cone.

Also, it is easy to see that if the direction ratibsn, n of a generator
of a cone with vertex at the origin satisfy the equatigh m,n) = 0, then
the equation of the cone i§z,y, z) = 0. |

Remark 9.4 The general equation of a quadratic cone with vertex at the
origin is,

az? + by® + c2® 4+ 2fyz + 2gzx + 2hay = 0.

Let the origin be shifted to the poimt(«a, 3, ). In the new coordinate
system the above equation becomes,
a(z —a)? + by — B)* + ¢(z —7)?
+ 2f(y =Bz —7) +29(z = 7)(z — a) + 2h(z — a)(y — B) = 0.

This is a general equation of a quadratic cone with vertéxat, ).
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9.4 The Right circular Cone

Definition 9.2 A right circular cone is a surface generated by a straight
line passing through a fixed point and making a constant ahgléh a
fixed straight line passing through the given point. The figeiht is called
asthe vertex of the right circular cone, the fixed straight line is called
asthe axis of the cone and the constant anglés called ashe semi —
vertical angle of the cone.

Remark 9.5 Every section of a right circular cone by a plane perpendicu-
lar to its axis is a circle.

Let 6 be the semi - vertical angle of the cone antle a plane perpen-
dicular to the axid/ N see Fig. 9.2 of the cone. We show that the section
of the cone by the plane is a circle.

S EDN

B
Figure 9.2: Section of a cone with a plane

Let P be any point of the section of the cone by the pland.et A
be the point of intersection of the axiSN and the planev. Then AP
is perpendicular td” A. In the right angled trianglé” AP, tan§ = ﬁ—{j.
.. AP = AV tan6. Since,AV andtan # are constant. it follows that P
is constant for all point$® on the section of the cone by the plameThus

the section is a circle.
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9.4.1 Equation of a right circular cone

To find the equation of a right circular cone with a vertéko.3,~) and
whose axis is the linef7= = % = =, with a semi-vertical anglé.
Let V N be the axis of the cone and IB(zx, y, z) be any point on the cone.
The direction rations of the generaf@P arex — o,y — 5,2z — 7.

v
o

P

Figure 9.3:

Let P be any point of the section of the cone by the pland_et A
be the point of intersection of the axiSN and the planex. Then AP
is perpendicular td” A. In the right angled triangl& AP, tan6 = f‘—ﬁ.
.. AP = AV tan. Since,AV andtan # are constant. it follows that P
is constant for all point$®> on the section of the cone by the plameThus
the section is a circle.

The angle betweelW P andV' N is 0(see Fig. 9.3). As the direction
ratios of the axid/ N arel, m, n, we have,

Iz —a)+m(y—B) +n(z—9)
VE4+m2+n2/(z—a)2+(y—B)2%+ (2 —7)2

cosf =

Therefore, the equation of the right circular cone is,

[z —a)+m(y—B) +n(z—7)] =
P+m®+n?) [(x—a)’+(y—B)*+ (2 —7)*] cos®f

The following example will make the above proof more clear.



9.5. Cylinders 9

Example 9.2 Find the equation of the right circular cone with vertex at
i — 1 —
(2,—1,4), the line2—=2 — ¥ £ _ 2

2 -1
anglecos ™1 (4//6).
Solution. Let P(x, y, z) be any point on the cone with vertéX(2, —1,4).
Then the direction ratios of a generald® arex — 2,y + 1,z — 4. The

-2 1 —4
direction ratios of the aX|° 1 =Y tl_z arel,2,—1. Letd be

4 . . .
as the axis and semi-vertical

2 -1
the semi-vertical angle. Henaays 6 = % From Remark, we have,
cosf — (lr—=2)4+2(y+ 1)+ (-1)(z—4)
VIHa+1y/(z—22+y+ 12+ (2 —4)?
4 x—|—2y—z+4
N V6 (2 —2)2 + (y + 1)2 + (2 — 4)2

Hence, the required equation of the right circular cone is,
16 [(x—2)2+(y+1)2+(z—4)2} = (z+2y — 2z +4)>
ie.

1522 +12y% + 1522 — 4yz — 222 = 4oy — 80z + 16y — 1202 + 320 = 0

9.5 Cylinders

Definition 9.3 A surface generated by a straight line which always re-
mains parallel to the given fixed line and which intersectshi® given
curve is calledu cylinder. The straight lines which generate the cylinder
is called aghe generators of the cylinder and the given curve is called as
the guiding curve.

9.6 Equation of a cylinder

To find the equation of the cylinder whose generator intésstn@ conic,
ax? +2hxy 4+ by? + 2gx +2fy +c = 0, z = 0 and are parallel to the line,
T Y z

l m n

10 Chapter 9. Cones and Cylinders

Let P(z,y, z) be any point on the cylinder. Then generator throéyh
is parallel to the line = Y — 2 Hence thel.r.s of the generator are
m n
[, m,n. The equation of the generator throughs,

r—T _ Y—-y1 22— 2

l m n
The point of intersection of the generator and the plare0 is given by,

r—n_y-—y_O0-=

l m n

T — 21 :—21 and Yy—u _

l n l n

_Zl

Iz mzy
T=r1——, Y=4y1——.
n n

Therefore the coordinates of the point of intersection efdlknerator

lz1 . -
and the plane = 0 are,(z; — —, Y1 — mz ,0). But this point lies on the
n

guiding curveaz? + 2hay + by +2g9x+2fy+c=0.

lz1 9 mz mz

ey = 2 4 2l — L)~ ") bl — LY

lz mz
+2g(z1 — =)+ 2f(y1 — —) +¢c=0
n n
Hence, the locus of P is,
a(r — l—) +2h(z — )y — ) + by — )?
l
+2g(x — —Z) +2f(y— %)—f—c:
n n
which when simplified, gives the equation of the cylinder as,

a(nx — 12)* 4 2h(nz — 12)(ny — mz) + b(ny — mz)*

+2gn(nx — 12) + 2fn(ny —mz) + cn® =0
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Example 9.3 Find the equation of a cylinder whose generators are phralle

to the Iineg = % = % and whose guiding curve is the ellipsé+2y% = 1
andz = 0.

Solution. Let P(x1,y1,21) be any point on the cylinder. Then the gener-

ator throughP is parallel to the Iine% = % = g Therefore the equation
of the generator througR are,

r—T y—u z—2z
= = :t
5 1 3 (say)

Coordinates of any point on this line ate, + 2t, y1 +t, 21 + 3t). For some
t, this point lies on guiding curve? + 2y> =1, z = 0.

(z1+2t)* + 21 +1)* =1 (9.11)

also,
21+ 3t=0,.. tZ_TZl.
Substituting the value afin (9.11) we get
21

z
(11 —25) +2(n — 5)7 =1

c(Bxp —220)2 + 23y — 1) =9
Hence, locus of is, (3z — 22)? + 2(3y — 2)? = 9.
i.e.92% +18y% + 6y* — 1222 — 12yz — 9 = 0,
i.e.3z% + 6y° +2y* —dwz —4dyz —3=0

9.7 Right circular cylinder

Definition 9.4 A cylinder is called aright circular cylinder if its guid-
ing curve is a circle and its generators are lines perpetatico the plane
containing the circle. The normal to the plane of the guidiirgle pass-
ing through its centre is called as theis of the cylinder. If we take a
section of the cylinder by a plane perpendicular to the alkthecylinder,
then this section will be a circle. The radius of this cirdecalled as the
radius of the cylinder.
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9.7.1 Equation of a right circular cylinder

To find the equation of the right circular cylinder whose agithe line
I r—a y—pf z2-—7v

l m n
the line L whose d.r.s. arE m,n. Let P(z,y, z) be a point on the cylinder
see Fig. 9.4
Draw PM perpendicular to the axis of the cylinder. ThBd/ = r. Now,

and radius is. The pointA(«, 3,) lies on

AP? = (@—a)’+(y—pB)>+(z2—7)°
MA = projection of AP on the axis
Wz —a)+m(y —B)+n(z—7)

VE T m? 2

Now, from the right angled\ AM P , we get

S MA =

AP? - MA* = PM?%
(z—0a) +(y =B+ (z =)
_Cu—awwmy—m+n@—w>2_ )

VE+m? 2

which is the required equation of the cylinder.

Example 9.4 Find the equation of the circular cylinder of radiBsand
axis passing througl2, —1,3) and having direction cosines proportional
to1,2,—2.

Solution. Let A(2,—1,3) and P(z,y, z) be any point on the cylinder.
Draw PM perpendicular to the axis of the cylinder. Thed/ = 3. By
the distance formula,

AP? = (z-2+ (y+1)°+ (2 —3)
MA = projection of AP on the axis
He—-2)+2(y+1)—2(2—-3)
V12422 4 (-2)?
rT+2y—2y+6
3

MA =

MA =
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Figure 9.4:

Now, from the right angled trianglé&. AM P, we haveAP? — M A% = 9.
Substituting the value ol P and M A, we get

8x2+5y2+522—|—8yz—|—4zx—4J:y—48x—6y—30z+9:0,

which is the required equation of the cylinder.

9.8 lllustrative Examples

Example 9.5 Find the general equation of the quadratic cone with the ver-
tex at the origin and passing through the three coordinage.ax

Solution. The vertex of the cone is the origin.Hence its equation is-a ho
mogenous equation of degrgén z, y, z. Let the equation of the cone be,

az? + by? + c2® + 2fyz + 2gzx + 2hay =0 (9.12)

The cone given by (9.12) passes through the three co-oedanads.
Thereforex,y and z axes are the generators of the cone. The direction
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ratios ofx, y andz axes satisfy the equation (9.12)r.sof the X — axis
arel,0,0; d.r.s of theY — axis are0,1,0 andd.r.s of the Z — axis are
0,0, 1. From these conditions we get= 0,b = 0 andc = 0. Substituting
a=0,b=0andc = 0in (9.12) we get the general equation of the cone
which passes through the three co-ordinate axes as

2fyz + 2gzx 4+ 2hay = 0i.e. fyz + gzax + hay = 0.

Example 9.6 Find the equation of the cone which passes through the axes
of co-ordinates and contains the poifits1, 1) and(1, -2, 1).

Solution. As the cone passes through the three co-ordinate axes thg ve

of the cone is at the origin.Hence the equation of the conéttsedform’

fyz4+gze +hzy =0 (9.13)

The cone passes through the poifitsl, 1) and(—1,2,1). Co-ordinates
of these two points satisfy the equation (9.13)

f+g+h=0 and 3f—g—2h=0
Solving the equations fof, g andh ,we get

f_g9g_h _
-1 4 -3 K(say)
f=~k g=4k, h= -3k
Substituting the values of, g andh in (9.13) we get the equation of the
required cone as,

—kyz + 4dkzx — 3kzy = 0i.e.yz — 4zx + 3zy = 0.
Example 9.7 Find the equation of the cone passing through the co-omlinat
axes and having the lineg, = L = Zandl = L = % as genera-
o -2 3893374

Solution. As the cone passes through the three co-ordinate axes,itb& ve
of the cone is at the origin. Hence the equation of the conétteedorm

fyz4+gzex +hzxy =0 (9.14)



9.8. lllustrative Examples 15

Given that the line§ = %5 = £ and { = %5 = § are the generators
of the cone, thug.r.s of the lines satisfy the equatiqs.8.3)

F(=2)(3) +9(3)(1) + h(1)(=2)

and  f(=1)(=1) + g(=1)(3) + h(3)(=1)

0
0

—6f+3g—2h=0 and f—3g—3h=0.

Solving these two equations f@r g andh we get

f g h
71—4—73—k(3ay)

f=—15k, g=—20k, h=15k.

Substituting the values gf, g andh in (8.8.3), we get the equation of the
required cone as

—15kyz — 20kzx + 15kxy = 0i.e.  3yz + 4zx + 3zy = 0.

Example 9.8 Show that the line; = %4 = Z is a generator of the cone
22 +y? + 22 +day — 22 = 0.
Solution. The equation of the cone is,

2?4+ 2+ 22 Ay — 22 =0 (9.15)

which is a homogenous equation. Hence the vertex of the cothei
origin. If we show thatd.r.s of the line3 = % = Z satisfy the equa-
tion (9.15) then we can say that the given line is a generator of the cone
given by the equation (9.15).r.s of the line§ = % = £ are2, —1,3.

Substituting these values in H.S. of (9.15) we get,
22 4 (—1)2 + 32+ 4(2)(—1) — (2)(3).

Which is equal td). Thus, the linej = % = £ is the generator of the
given cone.
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Example 9.9 Show that the equatiodz? — y? + 222 4 2zy — 3yz +
122 — 11y 4+ 6z + 4 = 0 represents a cone with with vertex at the point
(—1,-2,-3)

Solution.

4o —y? + 222 + 20y — 3yz + 120 — 11y +62+4 =0 (9.16)

Shift the origin to the poinf—1, —2, —3). Let (x,y, z) and (2/,¢/, 2’) be
respectively the old and new co-ordinates of the points erctine. Then
x=1a -1,y =9 — 1,z = 2/ — 1 Substituting in to the equation (9.16)
we get

A =12 - — 2 +2( - 3P + 2 — D)y - 2)
3y —2)(2 —3)+12(2' — 1) — 11(y —2) +6(z' —3)+4=0

On simplification gives

4o’ —y? 4+ 222+ 2’y — 3y =0 (9.17)

The equation (9.17) is a homogeneous equation’jn’, 2. Hence
the equation (9.17) represents a cone with vertex at origtheé new co-
ordinate system. Thus the equation (9.16) represents avatimgertex at
(—1,-2,-3).

Example 9.10 Find the equation of the cone whose vertex is at origin and
the guiding curve is a circlg? + 22 = 16, 2 = 2. Show that section of the
cone by the plane = 1 is a hyperbola.

Solution. Since the vertex of the cone is at origin, the equation of tmec

is a homogeneous equationaty, z. Consider the equation of the guiding
curvey? + 22 = 16,z = 2. We make one of the equations homogeneous
with the help of the other. We makg + 22 = 16 homogeneous with the
help ofx =2

2
y2+22:16><12.‘. 92—1—22:16><(g) , since gzl

Hence the equation of the conedig? — y? — 22 = 0. Now the section of
the cone by the plane= 1 s,

4$2_y2_12:0’ z=1i.e. 41‘2—y2:1> z=1
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which is a hyperbola.

Example 9.11 Find the equation of the cone with its vertex at the origin
and whose guiding curve is given by + y% + 22 — 22 + 2y +42 -3 = 0,
22+ 92+ 22+ 20 +4y + 62— 11 =0.

Solution. Since the vertex of the cone is at origin, the equation of tmec
is a homogeneous equationary, z. The equation of the cone is obtained
by making the equation

P24yt + 22 -2 4+2+42-3=0 (9.18)

homogeneous with the help of the equation

Py 24y +62—-11=0 (9.19)
Subtracting the equation (9.18) from the equation (9.19yete

2
Az +2y+2:—8=0 iec. %:1 (9.20)

using (9.20) we make the equation (9.17) homogeneous asvigll

2
2 2 2
+2y< x+4y+z> +4Z< :z;+4y+z> _3( :c+4y+z> .

Simplification yields,
1222 — 21y% — 2922 — 18yz — 12z + 4oy =0
which is the required equation of the cone.

Example 9.12 Find the equation of the right circular cone which passes
through the poin{1, —2, 3) whose vertex is a2, —3,5) and whose axis
makes equal angles with co-ordinate axes.

Solution. We are given that axis of the right circular cone makes equal
angles with co-ordinate axes .Therefore dhes of the axis ard, 1, 1. Let
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A(1,-2,3) andV (2, —3,5) . Therefore thel.r.s of VAare2 —1,-3 +
2,5 — 3i.e.l,—1 and2 respectively. Let be the semi vertical angle. The
0 is the angle between the axis of the cone &ntl

(1) +1(-1)+1(2) 2
VIZH 12 412,/12+ (-1)2+22 V3V6
Let P(x,y, z) be a point on the right circular cone. ThelP is a generator

and itsd.r.s arex — 2,y + 3,z — 5. Thend is the angle betweeW P and
the axis

(9.21)

cosf =

Iz —-2)+1(y+3)+1(z—5)
V12 4+ 12+ 12 /(2 — 2)2 + (y — 3)2 + (2 — 5)2
From (9.21) and (9.22) we get
2 r+y+z—4
V3V6 V3@ =22+ (y—3)>+ (2 — 52
ie. 2z -2+ (y—3)>2+ (-5 =3 +y+z—4)7
which is the required equation of the right circular cone.

(9.22)

cosf =

Example 9.13 Find the equation of the right circular cylinder of radizis
whose axis passes through 2, 3) and hasi.c.s proportional ta2, —3, 6.
Solution. Let A(1,2,3) and P(z,y, z) be a point on the cylinder. Draw
PM perpendicular to the axis of the cylinder. Théh/ is the radius
of the cylinder soPM = 2.. By Distance formulaAP? = (z — 1)? +
(y —2)? + (z — 3)2. Let M A pbe the projection ofAP on the axis..".

MA = 2(3“"‘\1/)2‘2"1(?_‘;)2165‘3) as d.r.s of the axis ae —3,6. Thus,M A =
20 — 3y + 62 — 14

7
Now from the right angled\ AM P, we getAP? — M A? =9

2
((w—1)2+(y—2)2+(z—3>2)—<2x_3y;62_14> —9

Simplification of the equation gives the required equatibthe right
circular cylinder as

4522 +40y> + 1322 +36yz — 24z + 12xy — 422 — 280y — 12624294 = 0.
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9.9

10.

Exercise

. Find the equation of a cone whose vertex ig-t, 1, 2) and guiding

curve is3z? — 32 =1;2 = 0.

. Find the equation of a cone with vertex at the origin andaiaing

the curver? + y? = 4;2 = 5.

. Find the equation of a cone whose vertex i¢lat, 3) and passing

through4a? + 2% = 1;y = 4.

. The axis of a right circular cone with vertex at the origimkes

equal angles with the coordinate axes. If the cone passesgihr
the line drawn from the origin with direction ratiors —2, 2, find
the equation of the cone.

. Find the equation of the cylinder whose generators arallpbto

the line6x = —3y = 2z and whose guiding curve is the ellipse
2+ 2% =1;2=3.

. Lines are drawn parallel to the lifg> = -1 = =2 through the

m

points on the circle:? +4? = a? in ZOX — plane. Find the equation
of the surface so formed.

. Find the equation of the right circular cylinder of radluand having

as axis the ling5! = ¥22 = 223,

. Find the equation of the right circular cone havii(®, —3,5) as a

vertex; axis PQ which makes equal angles with coordinate ard
the semi vertical angle i%0°

. Show thatr? + 2y? 4+ 22 —4yz — 620 — 22 + 8y —22+9 =0

represents a cone with vertex(at —2,0).

Find the equation of a cone with vertex the origin and lzasiecle
in the planez = 12 with centre(13,0, 12) and radius 5.Also show
that the section of any plane parallelie= 0 is a circle.

20

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Chapter 9. Cones and Cylinders

Find the equation of the right circular cylinder of resluwhose axis
passes throudh, 2, 3) and has d.r.s2, —3, 6.

Find the equation of a cone whose vertex is at the origirdéection
ratios of whose generators satisfy the equasiBn- 2m?+ 5n? = 0.

The equation of a coned$ + 2y? + 22 — 2yz + zz — 3xy = 0. Test
whether the following lines are generators of the cone.

@e=—y=z(0)e=y=20QF=4=3s=2% =%

Find the equation of a cone with vertex at the origin antivpasses
through the curve? + y2 + 22 + 2 — 2y + 32 = 4; 22 + y2 + 22 +
2z — 3y + 4z = 5.

Find the equation of the right circular cylinder of resliwhose axis

i ingt=l — ¥+3 _ z=2
lies along the line5= = 5 = %=,

Obtain the equation of the right circular cylinder whageding
curve is the circler? + 42 + 22 - 9=0;2 —y+2 -3 =0.

Lines are drawn through the origin having directionasfi, 2, 2;
2,3,6; and 3,4, 12. Show that the axis of the right circular cone
through them has d.c%%% and the semi vertical angle of the
cone is —-. Also obtain the equation of the cone.

Show that the equati®y? —8yz —4zx — 8xy+6x —4y—22+5 =0
represents a cone whose vertexig, 1, 2).

Determine the equation of the right circular cone hawiagex at
(2,3,1), axis parallel to the lin@x = —y = —2z and one of its
generators having d.r.$,1, 1.

Find the equation of the right circular cone generatedhieylines
drawn from the origin to cut the circle through the poifits2, 2),
(2,1,-2) and(2, —2,1).

Find the equation of the cone with vertex at the origin@mtaining
the curveaz? + by? = 2z;lx + my + nz = p.
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22. Obtain the equation of the right circular cone which isegated by
revolving the line whose equations &e — y + z = 1;5z + y +
3z + 1 = 0 about the y-axis.

23. Find the equation of the cone which passes through thelicade
axes and has two generators having direction ratios 1,2, 2222, 1.

24. Obtain the equation of the cone which passes througlothrelinate

axes and has the Iine% = % =z andi —¥_ 2 as its
generators.

3 -3 1 -2

9.10 Answers

1) 1222 — 49 + 22 +4yz—|—12,zx—|—4z—4—0

2)25(:]5 +y) 422 = 0.

3) 1222 + 4y? + 322 + 6yz + Szy — 322 — 34y — 242 + 69 = 0.

4) 42% + 4y + 422 + 9yz + 922 + 97y = 0.

5) 322 + 6y® + 322 + 8yz — 22z + 62 — 24y — 182 + 24 = 0.

6) (mz — ly)*+(mz — ny)* = m*a®.

7) 522 4 8y? + 522 — dyz — 8za — 4wy + 22x — 16y — 142 + 26 = 0.
8)5x2+5y + 522 —8yz—8zx—8xy+8x+86y+278—0

0
1

21) 822 —4y — 422 +yz+52x+5xy—0

22 apx + bpy —2nz? — 2myz — 2lzx = 0.
23
24

—5y2+ 22— 10y —5=0.

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(23) 22
(24) yz — zx — 2y = 0. (25) 6yz — zz — 6zy = 0.

10) 622 + 6y* + 622 — 1322 = 0.
11) (2y+z—7) +4(z—3:c)2+(3x+2y—7)2 = 196.
12) 32% — 2y% + 522 = 0.
13) (b ) and( ) are generatorg;) and(d) are not generators.
14) 22 +y* — 22 =0.
15) 222 +y —3yz+4zx75xy—0
16) 2630 +29y% 4 522 + 10yz — 2422 — 4xy + 150y + 30z + 75 = 0.
17 2?2 + 92 + 22 — 2o+ 2y = 0. (18) yz — 22 — 2y = 0.
20) 2 —8y — 22 —12yz+62m+12xy 46z + 38y + 222 — 19 = 0.
)8
)
)
)



